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THE TWO-SIDED POMPEIU PROBLEM FOR DISCRETE
GROUPS
PETER A. LINNELL AND MICHAEL J. PULS
Abstract. We consider a two-sided Pompeiu type problem for a discrete
group G. We give necessary and sufficient conditions for a finite subset K of
G to have the F(G)-Pompeiu property. Using group von Neumann algebra
techniques, we give necessary and sufficient conditions for G to be a ℓ2(G)-
Pompeiu group.
1. Introduction
Let C be the complex numbers, R the real numbers, Z the integers and N the
natural numbers. Let 2 ≤ n ∈ N and let K be a compact subset of Rn with
positive Lebesgue measure. The Pompeiu problem asks the following: Is f = 0
the only continuous function on Rn that satisfies
(1.1)
∫
σ(K)
f dx = 0
for all rigid motions σ? If the answer to the question is yes, then K is said to have
the Pompeiu property. It is known that disks of positive radius do not have the
Pompeiu property, see [15, Section 6] and the references therein for the details.
The Pompeiu problem and some of its variations have been studied in various
contexts, see [1, 3, 11, 13, 14, 15] and the references therein for more information.
In [14] the following version of the Pompeiu problem was studied: Let G be a
unimodular group with Haar measure µ. Suppose K is a relatively compact subset
of G with positive measure. Is f = 0 the only function in L1(G) that satisfies
(1.2)
∫
gKh
f(x) dµ = 0
for all g, h ∈ G? This question was studied further in [3]. The purpose of this note
is to investigate (1.2) in the discrete group setting.
For the rest of this paper, G will always be a finitely generated discrete group
and C will denote a class of complex-valued functions on G that contain the zero
function. Let f be a complex-valued function on G. We shall represent f as a
formal sum
∑
g∈G agg, where ag ∈ C and f(g) = ag. Define F(G) to be the
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set of all functions on G, and let ℓp(G) be the functions in F(G) that satisfy∑
g∈G |ag|
p <∞. The group ring CG consists of those functions where ag = 0 for
all but finitely many g. The group ring can also be thought of as the functions
on G with compact support. Let K be a finite subset of G. In this paper we will
consider the following discrete version of (1.2): When is f = 0 the only function
in C that satisfies
(1.3)
∑
x∈gKh
f(x) = 0
for all g, h ∈ G?
The following related Pompeiu type problem for discrete groups was investi-
gated in [12]: When is f = 0 the only function in C that satisfies
(1.4)
∑
x∈gK
f(x) = 0
for all g ∈ G?
It is not difficult to see that f = 0 is the only function in C that satisfies (1.3)
if it is the only function in C satisfying (1.4).
We shall say that a finite subset K of G is a C-Pompeiu set if f = 0 is the only
function in C that satisfies (1.3). A C-Pompeiu group is a group for which every
nonempty finite subset is a C-Pompeiu set.
The identity element of G will be denoted by 1. If S ⊆ G, then we will write
χS to indicate the characteristic function on S, χS(g) = 1 if g ∈ S and χS(g) = 0
if g /∈ S. If S consists of one element g, then χg will be the usual point mass
concentrated at g.
One of our main results is:
Theorem 1.1. Let G be a discrete group and suppose K is a finite subset of G.
Let I be the ideal in CG that is generated by χK . Then K is a F(G)-Pompeiu set
if and only if I = CG.
We will show that as a consequence of this result, algebraically closed groups and
universal groups are examples of F(G)-Pompeiu groups. This contrasts sharply
with the one-sided translation Pompeiu type problem studied in [12], since there
are nonzero functions in ℓ1(G) -in fact CG- for the above groups that satisfy (1.4).
Using group von Neumann algebra techniques we will prove the following char-
acterization, which is a generalization of [3, Corollary 2.7], for ℓ2(G)-Pompeiu
groups.
Theorem 1.2. Let G be a discrete group. Then G is a ℓ2(G)-Pompeiu group if
and only if G does not contain a nontrivial finite normal subgroup.
It appears that the first investigation of a Pompeiu type problem in the discrete
setting was the paper [16]. For discrete groups the Pompeiu problem with respect
to left translations was studied in [12]. Pompeiu type problems for finite subsets
of the plane were examined in [5]. An interesting connection between the Fuglede
conjecture and the Pompeiu problem for finite Abelian groups was established in
[6].
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In Section 2 we give some preliminary material and preliminary results, in-
cluding giving an equivalent condition to (1.3) in terms of convolution equations.
We prove Theorem 1.1 in Section 3 and we also give examples of groups that are
F(G)-Pompeiu groups. In Section 4 we discuss group von Neumann algebras and
prove Theorem 1.2.
2. Preliminaries
In this section we give some necessary background and prove some preliminary
results. Let f =
∑
g∈G agg and let h =
∑
g∈G bgg be functions on G. The
convolution of f and h is given by
f ∗ h =
∑
g,x∈G
agbxgx =
∑
g∈G
(∑
x∈G
agx−1bx
)
g.
Sometimes we will write f ∗h(g) =
∑
x∈G f(gx
−1)h(x) for when the function f ∗h
is evaluated at g. With respect to pointwise addition and convolution, CG is a
ring. Also if f ∈ ℓ1(G) and h ∈ ℓp(G), then f ∗ h ∈ ℓp(G). However if both f and
h are in ℓ2(G) it might be the case f ∗ h is not in ℓ2(G).
For g ∈ G, the left translation of f by g is given by Lgf(x) = f(gx) and the
right translation of f by g is denoted by Rgf(x) = f(xg
−1), where x ∈ G. Note
that Lgf = χg−1 ∗f and Rgf = f ∗χg. For a function f, f˜ will denote the function
f˜(x) = f(x−1), where x ∈ G and f¯ will indicate the complex conjugate of f .
The following simple lemma gives a useful characterization of (1.3) in terms of
convolution equations.
Lemma 2.1. Let K be a finite subset of G, and let f be a complex-valued function
on G. Then f satisfies (1.3) if and only if χ˜K ∗ Lgf = 0 for all g ∈ G.
Proof. Let g, h ∈ G, then∑
x∈gKh
f(x) =
∑
x∈Kh
Lgf(x)
=
∑
k∈K
Lgf(kh)
=
∑
x∈G
χK(x)Lgf(xh)
= χ˜K ∗ Lgf(h).
Thus
∑
x∈gKh f(x) = 0 for all g, h ∈ G if and only if χ˜K∗Lgf = 0 for all g ∈ G. 
A similar calculation shows that (1.3) is also equivalent to Rgf ∗ χ˜K = 0 for all
g ∈ G. Observe that χ˜K ∗ Lgf = χ˜K ∗ χg−1 ∗ f and Rgf ∗ χ˜K = f ∗ χg ∗ χ˜K .
Remark 2.2. It was shown in [12, Proposition 2.3] that the single convolution
equation χK ∗ f˜ = 0 is equivalent to (1.4).
If X is a set, then |X | will indicate the cardinality of X . Let R be a ring and
recall that the center of R is the set of all elements in R that commute under
multiplication with all elements of R. An idempotent in R is an element e that
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satisfies e2 = e. A central idempotent for R is an idempotent contained in the
center of R. In [12] it was shown that if G contains a nonidentity element of finite
order, then there is a finite subset K of G and a nonzero function in CG that
satisfies (1.4). We shall see that this is not the case for (1.3). What is true though
is
Proposition 2.3. Suppose K is a nontrivial finite normal subgroup of G, then K
is not a C-Pompeiu set for any class of functions that contains CG.
Proof. Write χK =
∑
k∈K k for the characteristic function on K. Also χ˜K = χK
since K is a subgroup of G. Now,
χK ∗ χK =
∑
k∈K
k|K| = |K|χK ,
thus χK ∗ (χK − |K|) = 0. For g ∈ G,χK ∗ χg = χg ∗ χK if and only if gK = Kg.
Consequently, χK is in the center of CG since K is normal in G. Let g ∈ G, then
χK ∗ Lg(χK − |K|) = χK ∗ χg−1 ∗ (χK − |K|)
= χg−1 ∗ χK ∗ (χK − |K|)
= 0.
Hence, χ˜K ∗ Lg(χK − |K|) = 0 for all g ∈ G. Lemma 2.1 yields that K is not a
C-Pompeiu set for any C containing CG. 
Remark 2.4. In the above proof, χk|K| is a central idempotent in CG. We shall see
that central idempotents play a critical role in the proof of Theorem 1.2.
3. Theorem 1.1
In this section we prove Theorem 1.1 and give some examples of groups that
are F(G)-Pompeiu groups.
Let f =
∑
g∈G agg ∈ CG and h =
∑
g∈G bgg ∈ F(G). Define a map 〈·, ·〉 : CG×
F(G)→ C by
〈f, h〉 =
∑
g∈G
agbg.
For a fixed h ∈ F(G), 〈·, h〉 is a linear functional on CG. Now suppose T is a linear
functional on CG. Define h(g) = T (g) for each g ∈ G. Thus each linear functional
on CG defines an element of F(G). Hence, the vector space dual of CG can be
identified with F(G).
3.1. Proof of Theorem 1.1. We now prove Theorem 1.1. Let K be a finite
subset of G and let I be the ideal in CG generated by χK . We begin by showing
that if K is a F(G)-Pompeiu set, then I = CG. Now assume that K is a F(G)-
Pompeiu set and I 6= CG. Because I is a subspace of CG, there is a nonzero
f ∈ F(G) for which 〈α, f〉 = 0 for all α ∈ I.
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Fix g ∈ G and let h ∈ G. Since I is an ideal, RhLgχK ∈ I, which means
〈RhLgχK , f〉 = 0. Now
〈RhLgχK , f〉 =
∑
y∈G
RhLgχK(y)f(y)
=
∑
y∈G
χK(gyh
−1)f(y)
=
∑
y∈G
χK(yh
−1)f(g−1y)
= (χ˜K ∗ Lg−1f)(h).
Thus (χ˜K ∗ Lg−1f)(h) = 0 for all h ∈ G. Consequently, χ˜K ∗ Lg−1f = 0 for
all g ∈ G. Thus f is a nonzero function that satisfies (1.3), contradicting our
assumption that K is a F(G)-Pompeiu set. Hence, I = CG.
Conversely, assume I = CG. We will finish the proof of the theorem by showing
that f = 0 is the only function that satisfies (1.3). Set I˜ = {α˜ | α ∈ I}. Now I˜
is generated by χ˜K and I˜ = CG since I = CG. Assume that f ∈ F(G) satisfies
(1.3). Then by Lemma 2.1, χ˜K ∗ Lgf = Rgf ∗ χ˜K = 0 for all g ∈ G. We now
obtain f ∗ I˜ = 0 = I˜ ∗ f since χ˜K ∗Lgf = χ˜K ∗χg−1 ∗ f and Rgf ∗ χ˜k = f ∗χg ∗ χ˜k.
Now χ1 ∈ I˜ and 0 = χ1 ∗ f = f , thus K is a F(G)-Pompeiu set and the theorem
is proved.
3.2. Examples. Before we give examples of F(G)-Pompeiu groups we need to
define the augmentation ideal of a group ring. Define a map from CG into C by
ε
∑
g∈G
agg
 =∑
g∈G
ag.
The map ε is a ring homomorphism onto C. The augmentation ideal of CG, which
we will denote by ω(CG), is the kernel of ε. For information about ω(CG) see
[10, Chapter 3]. If K is a nonempty finite subset of G, then χk /∈ ω(CG) due
to ε(χK) = |K|. The main result of [2] showed that the only nontrivial ideal in
CG for algebraically closed groups and universal groups is ω(CG). Thus the ideal
generated by χk in these groups must be all of CG. Therefore, algebraically closed
groups and universal groups are F(G)-Pompeiu groups.
Remark 3.1. These groups have elements of finite order, which implies that there
are nonzero functions in CG that satisfy (1.4). See [12, Section 2] for the details.
4. Theorem 1.2
In this section we will prove Theorem 1.2. We begin by discussing group von
Neumann algebras. For a more detailed explanation of group von Neumann alge-
bras see [9, Section 8]. Recall that ℓ2(G) is the set of all formal sums
∑
g∈G agg
for which
∑
g∈G |ag|
2 < ∞. Furthermore, ℓ2(G) is a Hilbert space with Hilbert
bases {g | g ∈ G}. For f =
∑
g∈G agg ∈ ℓ
2(G) and h =
∑
g∈G bgg ∈ ℓ
2(G),
the inner product 〈f, h〉 is defined to be
∑
g∈G agbg. If f ∈ CG and h ∈ ℓ
2(G),
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then f ∗ h ∈ ℓ2(G). In fact, multiplication on the left by f is a continuous linear
operator on ℓ2(G). Thus we can consider CG to be a subring of B(ℓ2(G)), the
set of bounded operators on ℓ2(G). Denote by N (G) the weak closure of CG in
B(ℓ2(G)). The space N (G) is known as the group von Neumann algebra of G. For
T ∈ B(ℓ2(G)) the following are standard facts.
(i) T ∈ N (G) if and only if there exists a net (Tn) in CG such that
limn→∞〈Tnu, v〉 → 〈Tu, v〉 for all u, v ∈ ℓ2(G).
(ii) T ∈ N (G) if and only if (Tf) ∗ χg = T (f ∗ χg) for all g ∈ G.
Another way of expressing (ii) is that T ∈ N (G) if and only if T is a right CG-map.
Using (ii) we can see that if T ∈ N (G) and Tχ1 = 0, then Tχg = 0 for all g ∈ G
and hence Tf = 0 for all f ∈ CG. It follows that T = 0 and so the map defined
by T 7→ Tχ1 is injective. Therefore the map T 7→ Tχ1 allows us to identify N (G)
with a subspace of ℓ2(G). Thus algebraically we have
CG ⊆ N (G) ⊆ ℓ2(G).
It is not difficult to show that if f ∈ ℓ2(G), then f ∈ N (G) if and only if f ∗ h ∈
ℓ2(G) for all h ∈ ℓ2(G). For f =
∑
g∈G agg ∈ ℓ
2(G), define f∗ =
∑
g∈G agg
−1 ∈
ℓ2(G). Then for f ∈ N (G) we have 〈f ∗u, v〉 = 〈u, f∗ ∗ v〉 for all u, v ∈ ℓ2(G); thus
f∗ is the adjoint operator of f .
Two elements x, y in G are said to be conjugate in G if there exists a g ∈ G
for which g−1xg = y. Recall that the conjugation action of G on itself is an
equivalence relation. Suppose C is a finite conjugacy class of G. Let c =
∑
x∈C x,
then c ∈ CG. The group ring elements c are known as finite class sums. For
x ∈ G, denote by Cx the class containing x. We will need the following
Lemma 4.1. Let S be the set of all finite class sums of G. Each element in the
center of N (G),Z(N (G)), is a formal sum of elements in S.
Proof. Let f =
∑
g∈G agg ∈ N (G). Then f ∈ Z(N (G)) if and only if χg−1∗f∗χg =
f for all g ∈ G. Since
χg−1 ∗ f ∗ χg =
∑
x∈G
ax(g
−1xg) =
∑
y∈G
agyg−1y,
we see immediately that agyg−1 = ay because (χg−1 ∗ f ∗ χg)(y) = f(y). Thus f
is constant on Cy . If f(y) 6= 0 on Cy, then Cy is finite due to f ∈ ℓ
2(G). The
class sums have disjoints supports, thus if f ∈ Z(N (G)) then it is a formal sum
of finite class sums in S. 
The finite conjugate subgroup of G is defined by
∆(G) = {g ∈ G | g has a finite number of conjugates}.
The following immediate consequence of Lemma 4.1 will be crucial in our proof of
Theorem 4.3.
Corollary 4.2. The center of N (G) is contained in the center of N (∆G).
Proof. Every finite class sum contained in CG is contained in C(∆G). 
We will prove Theorem 1.2 by reducing to the N (G) case, which we now prove.
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Theorem 4.3. If G is a group with no nontrivial finite normal subgroups, then
G is a N (G)-Pompeiu group.
Proof. It follows from [10, Lemma 4.1.5(iii)] that ∆(G) is a torsion-free Abelian
group since G has no nontrivial finite normal subgroups. Let K be a finite subset
of G and let I be the weakly closed ideal in N (G) generated by χ˜K . Now suppose
there exists a nonzero f ∈ N (G) that satisfies χ˜K ∗ Lgf = 0 for all g ∈ G. So f
belongs to the annihilator ideal I⊥ of I in N (G). Thus N (G) = I
⊕
I⊥, where⊕
denotes the direct sum. Thus there exists a nonzero central idempotent e in
N (G) for which e ∗ N (G) = I⊥. Because χ1 ∈ N (G), e ∈ I⊥ and it follows that
I ∗ e = 0. By Corollary 4.2, e also belongs to the center of N (∆G). Let T be a
right transversal for ∆(G) in G. Write χ˜K =
∑
t∈T χKt ∗ t, where χKt ∈ C(∆G).
Now
0 = χ˜K ∗ e = (
∑
t∈T
χKt ∗ t) ∗ e
=
∑
t∈T
(χKt ∗ e) ∗ t.
Thus χKt ∗ e = 0 for each t ∈ T . Because χ˜K 6= 0 there exists a t′ in T for which
χKt′ 6= 0. This contradicts the fact that χKt′ ∗β 6= 0 for all 0 6= β ∈ ℓ2(∆G), which
was proved in [4]. Hence, there is no nonzero f ∈ N (G) that satisfies χ˜K ∗Lgf = 0
for all g ∈ G. Therefore, every finite subset of G is a N (G)-Pompeiu set and G is
a N (G)-Pompeiu group. 
4.1. Proof of Theorem 1.2. We now prove Theorem 1.2. We start with a
definition. A nonzero divisor in a ring R is an element s such that sr 6= 0 6= rs for
all r ∈ R \ 0.
Proposition 2.3 says that if G contains a nontrivial finite normal subgroup, then
it cannot be a ℓ2(G)-Pompeiu group.
Conversely, assume there exists a nonempty finite subset K of G and a nonzero
f ∈ ℓ2(G) that satisfies χ˜K ∗ Lgf = 0 for all g ∈ G. By [8, Lemma 7] there exists
a nonzero divisor θ ∈ N (G) such that f ∗ θ ∈ N (G). Suppose f ∗ θ = 0. Then
θ∗ ∗ f∗ = 0. If e ∈ B(ℓ2(G)) is the projection from ℓ2(G) onto f∗ ∗ CG, then
e ∈ N (G) by [7, Lemma 5], e 6= 0 because f∗ 6= 0 and θ∗ ∗ e = 0. Hence e ∗ θ = 0,
contradicting the fact θ is a nonzero divisor in N (G), so f ∗ θ 6= 0. It follows
from Theorem 4.3 that there exists a g ∈ G such that χ˜k ∗ Lg(f ∗ θ) 6= 0 since
0 6= f ∗ θ ∈ N (G). But χ˜K ∗ Lg(f ∗ θ) = (χ˜K ∗ g−1 ∗ f) ∗ θ = 0 because we are
assuming χ˜K ∗Lgf = 0 for all g ∈ G, a contradiction. Hence, there does not exist
a nonzero f ∈ ℓ2(G) and a nonempty finite subset K of G for which χ˜K ∗Lgf = 0
for all g ∈ G. Therefore it follows from Lemma 2.1 that G is a ℓ2(G)-Pompeiu
group, as desired.
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